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1. INTRODUCTION 
The purpose of this paper is to find the free streamline and all other 
properties of the flow as an inviscid liquid under gravity flows from a sluice 
gate. The method of solution depends upon finding a one-to-one mapping 
function which maps the flow conformally onto the interior of a half disc. 
Since the complex potential is known for the corresponding flow in the half 
disc, by considering the velocity conditions the form of the mapping function 
can be obtained. By using the form of the mapping function and the fact 
that the pressure is constant on the free streamline, the problem of determin- 
ing the desired transformation can be reduced to solving a nonlinear integral 
equation. This method of reducing the problem to an integral equation 
was suggested by Dr. L. M. Milne-Thomson since he obtained an integral 
equation due to Nekrasov [l] when he considered a nonlinear theory of waves 
of constant form [2]. An iterative technique for solving the integral equation 
is given in Section 5. This method is similar to the method used by Bueckner 
[3] in solving Nekrasov’s equation. 
2. THE PROBLEM AND THE METHOD OF SOLUTION 
Consider a semi-infinite rectangle AmODAL in which the points A,, AL 
are infinitely distant and ALD is at a height h vertically above the horizontal 
line A,O. Extend the side A,0 to B, and take a point C on OD where the 
length of OC equals b. Now remove the portion OC, thus forming an orifice 
in the semi-infinite rectangle. We shall call the figure thus formed a sluice 
gate. 
* This research was supported in part by the National Science Foundation. 
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Regard the sluice gate as being in the plane of a steady, two-dimensional, 
irrotational motion where an incompressible inviscid fluid flows into the 
channel at ALA, with velocity U. We will assume the fluid is in contact 
with all the walls and gravity acts on the system. Since the fluid will flow out 
through the orifice OC, a free streamline BLC will form. Upon this free 
streamline we will assume that the pressure is constant. To fix a reference 
system let the point 0 correspond to the origin in the z = x + iy plane. 
Let y = 0 correspond to the line A,OB, and let y = h on ALD. Thus the 
sluice gate formed in the z-plane is given by the lines 
(9 Y = 0, --co<x<a, 
(ii) y = h, x < 0, 
(iii) 0 < b < y < h, x = 0, 
and it is illustrated in Fig. 1. 
U- h 
A, I 
p- ---__-___ ---_“; 
1 iii _ 
0 - x 
FIG. 1. The z-plane. 
Since all the characteristics of the flow will be determined if we can de- 
termine the complex velocity in the x-plane let us conformally map the 
interior of the diagram in the z-plane onto the interior of the semicircle of 
radius one in the upper half Z-plane where ) 2 1 < 1. Let us map A, B, C, D 
on the points Z = 0, Z = 1, Z = -1, Z = --a or A*, B*, C*, D*, 
respectively, where 0 < a < 1. The free streamline BLC is mapped onto 
the circumference 1 2 ( = 1 where IM 2 > 0. The Z-plane is illustrated in 
Fig. 2. 
3. THE MAPPING FUNCTION 
In the z-plane the flow is from a source at A, to a sink at B, . The only 
stagnation point is at D and throughout the fluid there is finite velocity. 
In the Z-plane there is a source at A* and a sink at B*. 
FLOW FROM A SLUICE GATE UNDER GRAVITY 255 
; Z=X+iY 
FIG. 2. The Z-Plane. 
By the circle theorem [2] the complex potential of a sink of strength m at 
2 = s > 1, in the presence of a circular cylinder 1 2 1 < 1, is given by 
w = -mInZ+mln(Z-+) +mln(Z--s). 
Now letting s + 1 gives 
w = -m In Z + 2m ln(Z - 1). 
With this complex potential the circle is a streamline and if w = 0 + # 
then on A* D* C* B*, 16 = rnp, and on A* B*, $I = 2mx. From this 
complex potential it follows that the complex velocity is given by 
dw dw dZ u-iv=--=---=- m(Z+l) dZ 
dz dZ dz Z(Z - 1) -z - 
There is finite velocity everywhere in the z-plane and there is a stagnation 
point at D. Now dzldZ must be holomorphic everywhere in a domain which 
contains the semicircle and its interior except at Z = 0, Z = 1, and Z = --CL 
Since the angle at D is n/2, by the standard techniques of conformal mapping, 
the transformation from the Z-plane to the s-plane is given by 
d.z v + 1) Jw? 
-z= Z(Z - 1) dm ’ 
where f(Z) is holomorphic and nonzero inside and upon the semicircle. 
The problem has now been reduced to finding the functionf(Z). 
In the z-plane we have 
dw 
u - iv = - z = - m(Z + aJd hf(z) . 
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On DC, u = 0, and on A,B,, v = 0 and thus it follows that the coefficients 
in the expansion of f(Z) are all real. Since f(Z) is holomorphic at 2 = 0 
let f(Z) = z-a a,,Zn. If we integrate dz/dZ and use the boundary conditions 
that x = 0 on CD and that y = 0 on A,B, it follows that 
where the C, are linear combinations of the 41 and therefore are all real. 
4. THE INTEGRAL EQUATION 
Let 
u - iv = qf+ = _ m*+a) 
hfv? ’ 
where q is the speed and CT is the direction of flow at a point in the z-plane. 
On B*C*, Z = e’x, dZ = ieix d,y where 0 < x < 7r, and thus on the free 
streamline we have 
dz h cot x/2 -=- 
dx l/(eix + a) exp H(x)’ 
where exp H(x) = -f(eix). 
Let 
and 
4x1 = F(X) + iG(x), 
eix + a = Q(x) exp[k(x)l, 
m4Z3 
q(x) = h expF(x) ’ 
Thus we have 
d2 h exp F(x) expW(x) - g(xWlI- 
dx = - dQ(x> 
Separating into real and imaginary parts gives 
dx- 
h ‘Ot x’2 exp F(x) cos[G(x) - g(x)/21 -=--%== 
dx dQ(x) 
dr -=- 
dx 
h cog!??.. expF(,y) sin[G(x) - g(x)/2]. 
dQ(x) 
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By using the complex velocity, it follows that on the free streamline the speed 
is 
fdX5 
’ = hexpF(x) ’ 
and the direction of flow is 
* = G(x) -dx)/2. 
On the free surface the pressure is constant and thus from Bernoulli’s 
equation we have 
dx)+$$ = -g$. 
Hence 
q(x) 4(x) _ g h cot x/2 
dx aa- 
eMY(x)l sWG(x) - dxY21. 
Multiplying by d(x) and then integrating with respect to x gives the equation 
cot t/2 sh[G(t) - g(t)/21 dt + l] (l), 
where c is an unknown positive number which must be determined. Thus 
we want to find the functions G(x) and F(x) plus a value of c such that this 
equation is satisfied. 
By the equation of continuity m = hBUBIm where hB is the asymptotic 
jet width and U, = q(0) is the asymptotic jet speed. Now if we let x = 0 in 
Eq. (1) we have 
and hence 
Thus we see with a particular solution c is known and hence the Froude 
number can be determined. 
If we take the logarithm of Eq. (1) and then differentiate with respect to 
x we obtain the equation 
c cot x/2 sW3x) - g(x)/21 
3(1 + c k cot t/2 sin[G(t) -g(t)/21 dt) . 
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qx) = qX) + iG(x) = f b,(cos nx + i sin nx). 
n-0 
It can be shown that the b, are real and hence 
&J(x)] = - fj nb, sin tax. 
?a=1 
Since 
2 = m sinme sin mx 
I (c 
* 
sin mx = T 
0 m-l m - n=l )(c 
nb,, sin nc 
) 
de, 
it follows that 
‘3x1 = $ ,I Ye, x) [ - &g 9 
c cot e/2 sin[G(r) - g(e)/21 
+ 3(1 + c fi cot t/2 sin[G(t) - g(t)/21 dt) I de9 
where 
N(E, x) = f sin me? mx . 
TtI=l 
Now if we solve this nonlinear integral equation for G(x) and a correspond- 
ing value of c, then with a given input flux, H(x) is determined and from this 
all the characteristics of the flow can be found. Thus the solution of our 
problem depends upon solving the above integral equation. 
If we consider the same flow but neglect gravity it can be shown that as 
the height of the channel tends to infinity the free streamline tends to the 
free streamline in the classical problem of flow through an aperture [4]. 
5. NUMERICAL METHOD USED IN SOLVING THE NONLINEAR 
INTEGRAL EQUATION 
We want to find a function G(x) and a constant c such that the above 
equation is satisfied. With this in mind let 
4x) = c cot $ SW(x) - g(x)Pl, 
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and 
M[s(x)] = cot 5 sin I- +J 
FIG. 3. Free streamline when U = 1.573 ft/sec, h = 1.997 ft, b = 0.546 ft. 
a = 0.020; (V/gh) = 0.039; b/h = 0.273; c = 0.118. 
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Now consider the iterative procedure 
where 
and n is any positive integer. 
FIG. 4. Free streamline when U = 2.139 ftjsec; h = 1.147 ft; b = 0.572 ft; 
a = 0.105; (CP/gh) = 0.204; b/h = 0.499; c = 0.134. 
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0.000 0.572 
0.008 0.549 
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0.312 0.396 
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Starting with an initial guess, s,,(x) and c, , and then utilizing this iterative 
technique, numerical solutions were obtained by the use of an on-line com- 
puter. The solutions were found to depend upon the initial guesses, which 
were taken as polynomials for S,(X) and real numbers between zero and one 
for cO. In this way different functions G(x) and values of c, satisfying the 
integral equation, could be found for each value of a. When such a solution 
FIG. 5. Free streamline when U = 4.394 ft/sec; h = 0.715 ft; b = 0.579 ft; 
a = 0.350; (V/gh) = 0.844; (b/h) = 0.810; c = 0.210. 
x 4’ 
0.000 0.579 
0.009 0.561 
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0.062 0.521 
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0.135 0.491 
0.194 0.474 
0.299 0.453 
0.426 0.437 
0.927 0.413 
1.133 0.410 
1.403 0.408 
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is found, all the characteristics of the corresponding flow are known. In 
particular, the ratio gh/Ua is determined by the equation 
c=- 374c&ld gh 
1/(1 + fzy u2 
which is obtained by setting Z = 1 in the series expansion for f(Z). 
For a specific problem U, h, b, and g would be given, corresponding to 
two independent dimensionless parameters such as the geometric ratio 
b/h and the Froude number U2/gh. One must determine values of a, c and 
G(x), satisfying the integral equation, which correspond to the given values 
of b/h and U2/gh. In practice this will usually involve a considerable amount 
of calculation. 
Figures 3, 4, and 5 show representative free streamlines which were 
displayed on a cathode ray tube. In each case specific values of U, h, and b 
were taken as indicated, and g was taken to be 32 ft/secs. The tables under 
the graphs contain the plotted x and y values. Since the largest abscissa 
had to be kept small to have a descriptive graph, the last y value in each table 
is the calculated height of the free streamline at infinity. 
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